We study compact orbifolds with finite number of singularities by means of conformal geometry and L 2 -index theory. For such an n-orbifold M with singularities Σ = {(p 1 , Γ 1 ), . . . , (p s , Γ s )} (where the groups Γ j < O(n) are finite), we define and study the orbifold Yamabe invariant Y orb (M ). We give a sufficient condition when the invariant Y orb (M ) coincides with the corresponding cylindrical Yamabe invariant defined by the authors [3] . Under the same condition, we prove that the invariant Y orb (M ) is bounded by Y (S n )/d from above, where d = max j |Γ j | 2 n . We study the 4-dimensional case and use the L 2 -index theory to estimate the cylindrical and orbifold Yamabe invariant in topological terms. We conclude by explicit estimate of the invariant Y orb (M ) for particular 4-orbifolds M .
Introduction
1.1. The setting. In this paper, we study a particular class of orbifolds by means of conformal geometry and L 2 -index theory. The orbifolds under consideration are compact with only finite number of singularities. Roughly, such an orbifold M is a smooth manifold outside of the singular points p 1 , . . . , p s ∈ M and near each point p j it is locally homeomorphic to the orbit space R n /Γ, where Γ < O(n) is a finite group acting freely on R n \ {0}. We use the notation Σ = {(p 1 , Γ 1 ), . . . , (p s , Γ s )} for the singularities of M. We assume that dim M = n ≥ 3.
There are natural orbifold Riemannian metrics compatible with the orbifold structure, we denote the space of such metrics by Riem orb (M). Let R g , dσ g and Vol g (M) denote the scalar curvature, the volume form and the volume corresponding to g ∈ Riem orb (M).
To start with, we notice that the normalized Einstein-Hilbert functional
n−2 n , has exactly the same properties as in the case of compact smooth manifolds: the set of critical points Crit(I) coincides with the space of orbifold Einstein metrics (see Theorem 2.1).
Next we observe that each orbifold conformal class [g] orb ∈ C orb (M) has the same basic properties as in the case of compact smooth manifolds (cf. [16] ). This leads us to the definitions of the orbifold Yamabe constant Y 
respectively. Then we concentrate our attention on the orbifold Yamabe invariant.
The orbifold and the cylindrical Yamabe invariants.
Consider, for simplicity, the case when an orbifold M has only one singularity Σ = {(p, Γ)}. We observe that, in the category of smooth manifolds, the open manifold X := M \ {p} could be considered as the underlying smooth manifold of a cylindrical manifold (X,ḡ) with the cylindrical end ((S n−1 /Γ) × [0, ∞),ḡ = h 0 + dt 2 ), where (S n−1 /Γ, h 0 ) is the corresponding lens space with the standard metric h 0 of curvature one. As an object in the category of Riemannian manifolds, the orbifold M with an orbifold metric g is quite different from the cylindrical manifold (X,ḡ). Even from the viewpoint of conformal geometry, there is no "cylindrical metric" within the conformal class [g] orb , in general. However, under a mild condition on the action of Γ on R n (see Theorem A below), the orbifold Yamabe invariant Y orb (M) of M coincides with the h 0 -cylindrical Yamabe invariant Y h 0 -cyℓ (X) of X (see Section 2.5 or [3, Section 2] for the definition of Y h 0 -cyℓ (X)). We also emphasize here that the study of the invariant Y orb (M) is more difficult than that of the invariant Y h 0 -cyℓ (X).
To state the condition on the action of Γ on R n , we define the space P (3) Γ of Γ-invariant homogeneous polynomials of degree three. Here the group Γ naturally acts on the polynomials P (x) = P (x 1 , . . . , x n ), where x = (x 1 , . . . , x n ) ∈ R n are the linear coordinates in a fixed orthonormal basis of R n . Now we can state our first main result (Theorem 2.12):
Theorem A. Let M be an orbifold with one singularity Σ = {(p, Γ)}. Assume P
We notice that the condition P
Γ = ∅ is not so restrictive, for instance, it holds for either Γ with even order |Γ| or the cyclic groups Γ ∼ = Z/ℓZ (ℓ = 3) with the standard action on R n . We prove the following estimate of the orbifold Yamabe invariant (Corollary 2.13).
Theorem B. Let M be a compact orbifold with singularities Σ = {(p 1 , Γ 1 ), . . . , (p s , Γ s )}, dim M = n ≥ 3. Assume that P Our next goal is to use the L 2 -index theory for 4-dimensional cylindrical manifolds to give an estimate for the corresponding h-cylindrical Yamabe invariants and, via Theorem A, the orbifold Yamabe invariants.
1.3. Harmonic spinors on cylindrical manifolds. Let (X,ḡ) be a cylindrical 4-manifold modeled by (Z, h) for some metric h on the slice Z. It means that on the cylindrical end Z×[0, ∞), the metricḡ(z, t) = h(z)+dt 2 is cylindrical with respect to some product coordinate system (z, t). We use the notation ∂ ∞ḡ = h.
Furthermore, we assume that there is a spin c -structure on (X,ḡ) given by a characteristic element in cohomology a ∈ H 2 (X;
] which is not torsion class. Let L → X be a C-line bundle with c 1 (L) = a and with the restriction L| Z×[0,∞) being "cylindrical". Similarly to the compact case, there exists a unique L 2 -harmonic form ζ ∈ H 2 g (X) representing the cohomology class a. Notice that the form ζ does not have compact support unless a = 0 ∈ H 2 (X; R). However, there is a sequence {ζ j } of closed 2-forms with 3 compact support such that [ζ j ] = a and ζ j → ζ in an appropriate topology. We choose U(1)-
dA j = ζ j . Then for each j, there is the associated twisted Dirac operator
is the plus/minus spin bundle associated to L. Here is the main result of Section 3 (Theorem 3.8).
Theorem C. Let (X,ḡ) be a cylindrical 4-manifold modeled by (Z, h) with b
The proof of Theorem C is subtle. We modify the argument in [13] , involving the Bochner technique and the generalization of the modified scalar curvature to the case of noncompact manifolds. One of the difficulties in the proof is the following: It turns out that a suitable conformal metricǧ = u 2 ·ḡ (where u ∈ L 1,2 g (X)) for this argument never provides a complete metric on X (see Lemmas 3.2, 3.4 and the estimate (14) in Section 3). The main technical difficulty arises from this point. In order to overcome the difficulty, we have to estimate, for instance, the function u −1 |du|ḡ uniformly on the cylindrical end Z × [0, ∞) (see Lemma 3.11).
Examples.
Here we study particular 4-orbifolds M ℓ defined as follows. Let L → CP 1 be the anti-canonical C-line bundle over CP 1 , and L ℓ := L ⊗ℓ → CP 1 for ℓ ≥ 1. Then X ℓ is the total space of the bundle L ℓ → CP 1 which naturally is a cylindrical manifold. Here the cylindrical end of X ℓ is ((S 3 /Γ ℓ ) × [0, ∞), h 0 + dt 2 ) with Γ ℓ := Z/ℓZ. Then the one-point compactification of X ℓ gives the orbifold M ℓ := X ℓ ∪{p ∞ } with one singularity Σ = {(p ∞ , Γ ℓ )}. The main result of Section 4 is the following estimate (Corollary 4.2):
Theorem D. Let X ℓ and M ℓ be as above.
1.5. The plan of the paper. In Section 2, we define and study the orbifold Yamabe constant/invariant and prove Theorems A and B (Theorem 2.12 and Corollary 2.13). In Section 3, we define and study the modified scalar curvature. Then we review the necessary part of the L 2 -index theory and prove Theorem C (Theorem 3.8). Section 4 is devoted to the above examples and Theorem D (Corollary 4.2).
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K. Akutagawa, B. Botvinnik, The Yamabe invariant of orbifolds and L 2 -harmonic spinors 4 2 Orbifold Yamabe constants/invariants 2.1. Orbifolds with finite number of singularities: definitions. There are several different approaches to and definitions of orbifolds (cf. [25] and [15] ). Since we work here with orbifolds of a particular type (with only finite number of singularities), we give suitable definitions (cf. [18] ). We assume here that a finite group Γ < O(n) inherits the standard O(n)-action on R n . We always assume that n ≥ 3.
First we define orbifolds with finite number of singularities as objects in smooth category.
Definition 2.1. Let M be a locally compact Hausdorff space. We say that M is an ndimensional orbifold with singularities Σ Γ = {(p 1 , Γ 1 ), . . . , (p s , Γ s )} if the following conditions are satisfied:
(1) Σ = {p 1 , . . . , p s } ⊂ M, i = 1, . . . , s, and M \ Σ is a smooth manifold of dimension n; (2) each group Γ i < O(n), i = 1, . . . , s, is a nontrivial finite subgroup of O(n) acting freely on R n \ {0}; 
We refer to the pair (p i , Γ i ) as singular point with structure group Γ i , and the pair (
To simplify the presentation, we assume, without particular mention, that an orbifold M has only one singularity, i.e. Σ Γ = {(p, Γ)}. Let ϕ : V τ → B τ (0)/Γ be a local uniformization and π : B τ (0) → B τ (0)/Γ the canonical projection. We also always assume that M is compact. Now we describe an orbifold metric.
We denote by Riem orb (M) the space of all orbifold metrics on M.
Remark 2.1. We notice that if g ∈ Riem orb (M), then the scalar curvature function R g is continious on M, and Rĝ ∈ C ∞ (B τ (0)). 
n−2 n .
As in the case of smooth manifolds, there is the following result. Proof. Let g ∈ Crit(I). Let {g(t)} ⊂ Riem orb (M), where −ε < t < ε be a smooth variation of the metric g, i.e.
   the family {g(t)} ⊂ Riem(M \ {p}) is a smooth variation of g; there is a smooth family {ĝ(t)} ⊂ Riem(B τ (0)) of Γ-invariant metrics such that
We denote
and V δ = ϕ −1 (π(B δ (0))) for 0 < δ ≤ τ . Let ν be the unit normal (inward) vector field to the boundary ∂V δ and {e α } a local orthonormal basis tangent to ∂V δ . Then the variation in the direction h is given by (eg. [1] ):
Here Ric g stands for the Ricci curvature of g. Now we choose h to be identically zero on the closure V δ . Then from (2) it follows that g is Einstein on M \ V 2δ , and by taking δ → 0, we obtain that g is Einstein on M \ {p}.
Now let a metric g ∈ Riem orb (M) be Einstein. We denote:
Proof. We choose small δ 0 > 0, then the family {f
We denote the last two terms of (2) by I δ and II δ respectively. From Claim 2.2 and (2), we have
Here we may assume that Vol g(t) (M) = Vol g (M) + O(t 2 ) without loss of generality. Then we have
Since g is Einstein (in particular, R g ≡ const.), the variation of I is given as
Thus g ∈ Crit(I).
Orbifold conformal classes.
We say that two orbifold metrics g, g ∈ Riem
Here we used the composition of the maps
Then we define an orbifold conformal class of g as follows:
Let C orb (M) be the space of all orbifold conformal classes. The proofs of the following two lemmas are similar to the case of smooth manifolds (see [5, 16] ).
Lemma 2.3. Let g ∈ Riem
orb (M) be a metric satisfying one of the following conditions:
Then for any other such metricg ∈ [g] orb , the scalar curvature functions R g and Rg have the same sign or are both zero.
An orbifold M is called good if its universal cover M is a smooth manifold (cf. [15] ). Let π : M → M be the projection.
Proof. Letg = u 
Moreover, there is a constant K(g, u) > 0 such that
We note also
Then we use (5) and Trg(
Now we take δ → 0 to obtain
We obtain that
Since g is Einstein,
• Ric g ≡ 0, thus we obtain • Ricg≡ 0, i.e.g is also Einstein. Now assume that the universal cover M is a smooth manifold. Let π : M → M be the projection. Then unless ( M, π * g) ∼ = (S n , g 0 ), [24, Theorem A] implies that π * u ≡ const. > 0 on M , and hence u ≡ const. > 0 on M.
Orbifold Yamabe constants/invariants. We define the orbifold Yamabe constant
as follows:
Similar to the case of smooth manifolds, we have that
Now we prove some technical facts.
Proof. We have the standard formulas for the scalar curvature and the volume form
) and ν is the unit normal (inward) vector field on the boundary ∂V δ . Then we have
We denote by v = u • ϕ −1 the pull-back function on B δ (0). Then we have:
Here K(u),K(u) > 0 are some constants. Thus in (6)
This proves Lemma 2.6.
We define
Remark 2.2. We recall that for a compact smooth manifold X, any point q ∈ X and a metric h ∈ Riem(X), the Yamabe constant
The orbifold Yamabe constant has a similar property.
Proof. We denote by I the right-hand side of (7). The inequality Then we have
Here K 1 , . . . , K 5 and K 6 , K 7 , K 8 below are some positive constants. We obtain
These imply
Then using the standard coordinates x = (x 1 , . . . , x n ) on R n with respect to a fixed othonormal basis, we havê
It is easy to see that, changing x by a Γ-equivariant linear transformation if necessary, we may assume here thatĝ ij (0) = δ ij .
Definition 2.4. Given Γ < O(n) a nontrivial finite subgroup (acting freely on R n \ {0}), we consider homogeneous polynomials of degree three
Then the group Γ acts on such polynomials:
We define the set P
Γ := { P (x) | (γ * P )(x) = P (x) }. We observe the following simple fact.
Lemma 2.8. Assume that Γ < O(n) satisfies either
Lemma 2.9. Let g be an orbifold metric as above, andĝ
Γ = ∅. Then the metricĝ may be expressed as follows:
Proof. Recall that we haveĝ(
Sinceĝ is Γ-invariant, h is also Γ-invariant. Since Γ is a subgroup of O(n), we will write an element γ ∈ Γ as a martix γ = (γ i α ). Then for γ ∈ Γ, we have
. We define the homogeneous polynomial of degree 3
and thus we have
Since P
Γ = ∅, we obtain that ∂ µĝαβ (0) = 0 for all α, β and µ.
Let g ∈ Riem orb (M),ĝ = (ϕ −1 •π) * g are the metrics as above. We denote 
2 be the flat metric on B τ (0). By Lemma 2.9,
We denote κ := Rĝ(0), and consider the metric
Then it follows that Rg(0) = κ = Rĝ(0). Now we use the cut-off function w δ (given in [17] ) to define the metricĝ δ :ĝ δ :=ĝ + w δ (r)(g −ĝ) on B τ (0), r = |x|. The following lemma is analogous to the case of smooth manifolds (cf. [6, 17] ).
Lemma 2.11. Let g δ , g ∈ Riem orb (M) be metrics satisfying
2.5.
Orbifold and h-cylindrical Yamabe invariants. We recall briefly that the manifold M \ {p} with an appropriate cylindrical metric can be considered as a cylindrical manifold (see [3] or Section 3).
Let h 0 be the standard metric of constant curvature one on the quotient S n−1 (1)/Γ, where S n−1 (1) = {x ∈ R n | |x| = 1 }. Then for a complete metricḡ ∈ Riem(M \ {p}), the manifold (M \{p} ,ḡ) is called a cylindrical manifold modeled by (S n−1 (1)/Γ, h 0 ) if there is a coordinate system (z, t)
Let Riem h 0 -cyℓ (M \ {p}) ⊂ Riem(M \ {p}) be the space of cylindrical metrics modeled by
Theorem 2.12. Let P 
Proof of Theorem 2.12. First we prove that
. By Lemma 2.9 and Proposition 2.10, for any ε > 0 and any metric g ∈ Riem orb (M) there exists a metric g ε ∈ Riem orb (M) such that
Then we use Lemma 2.7 to show
This implies that
Second we prove that
We start with an arbitrary cylindrical metricḡ ∈ Riem h 0 -cyℓ (M \ {p}) and a cylindrical coordinate system (z, t)
is flat and is extended to g 0 on M \ {p}. This implies that there exists a homeomorphismφ :Ṽ τ → Bτ (0)/Γ for someτ > 0 such that In other words, (Ṽ τ ,φ) is a compatible local uniformization. In particular, the above metric g 0 ∈ Riem orb (M). Now we use Lemma 2.7: We choose a cylindrical metricḡ on X. In terms of [3] , (X,ḡ) is a cylindrical manifold modeled by (Z, h) for some h ∈ Riem(Z), i.e. on the end Z × [1, ∞), the metricḡ(z, t) = h(z) + dt 2 in some product coordinate system (z, t) on the cylinder Z × [1, ∞). Below we use the notation ∂ ∞ḡ = h. Let Riem cyℓ (X) be the space of all cylindrical metrics on X.
Let ω ∈ Ω 2 (X) be a 2-form. We denote by Lḡ = −6∆ḡ + Rḡ the conformal Laplacian. We define the modified conformal Laplacian L (ḡ,ω) of (ḡ, ω) by
We notice that the pointwise norm |ω|ḡ is only of C 1,0 class on X, in general. Let u ∈ C ∞ + (X), andǧ = u 2 ·ḡ.
Definition 3.1. (Gursky-LeBrun [12, 13] ) Letḡ ∈ Riem cyℓ (X) andǧ = u 2 ·ḡ, where u ∈ C ∞ + (X). We call the function R (ǧ,ω) := Rǧ − |ω|ǧ the modified scalar curvature of (ǧ, ω).
, where L 1,2 g (X) denotes the Sobolev space of square-integrable functions on X (with respect toḡ) up to their first weak derivatives. Then we define the functional
and the bottom of the spectrum of the operator L (ḡ,ω)
From now on we assume that the form ω has compact support.
On the slice manifold (Z, h), we consider the almost conformal Laplacian L h := −6∆ h + R h (see [3] ).
Convention 1.
From now on we assume that the first eigenvalue λ h := λ(L h ) > 0. 
Proof. Consider the cylinder Z × [ℓ, ∞) with ℓ ≥ 1 and denote
We notice that if there exists a constant ℓ ≥ 1 satisfying
then the standard argument implies the existence of a non-zero minimizer u ∈ C 2,α
The next lemma shows that we may always assume the condition of Lemma 3.2 without loss of generality.
Lemma 3.3. Letḡ and L (ḡ,ω) be as above. Then there exists a metricg
Proof. We change metricḡ to the metricḡ ϑ = e 2ϑ ·ḡ, where ϑ ∈ C ∞ (X) with
In particular,
We choose k >> 1 suficiently large. Then the Dirichlet first eigenvalue λ (g,ω) (W ) on W satisfies that λ (g,ω) (W ) < λ h . Hence by the domain monotonicity of the Dirichlet eigenvalues, λ (ḡ,ω) ≤ λ (ḡ,ω) (W ) < λ h . To complete the proof we letg =ḡ ϑ .
Convention 2. From now on we assume that
Lemmas 3.2, 3.3 imply the following lemma, and its proof is similar to the case of compact manifolds (see [13] ).
Lemma 3.4. Letḡ and ω be as above. Then there exists a function
Furthermore, these cases are mutually exclusive.
The next result follows from [3, Proposition 7.1].
Fact 3.2. Letḡ,g ∈C ∩Riem cyℓ (X) be two conformally equivalent cylindrical metrics. Then sign(λ (ḡ,ω) ) = sign(λ (g,ω) ).
Now letḡ ∈ Riem
cyl (X) be a cylindrical metric, andC = [ḡ]. We defined L 1,2
consisting of all metrics u 4 n−2 ·ḡ, where u is a smooth positive function on X and u ∈ L 1,2 g (X) (see [3] ). Note that the L 
L
2 -harmonic 2-forms. Let (X,ḡ) be a cylindrical 4-manifold modeled by (Z, h).
Here d * stands for the codifferential with respect to the metricḡ. We define the space of
We recall the following well-known facts. (1) (Atiyah-Patodi-Singer [4] ) There is an isomorphism:
where H 2 c (X; R) denotes the second cohomology with compact support.
We notice that there is the Sobolev embedding L 3,2 g (X) ⊂ C 0,α (X) for all 0 ≤ α < 1. It implies that sup X |ζ j − ζ|ḡ → 0 as j → ∞. Hence each closed 2-form ζ j is not harmonic but almost-harmonic for j >> 1 unless ζ ≡ 0.
2 -harmonic spinors. From now on we assume that X is an oriented cylindrical manifold. An element a ∈ H 2 (X; Z) is a characteristic element if a ≡ w 2 (X) mod 2 (where w 2 (X) ∈ H 2 (X; Z 2 ) is the second Stiefel-Whitney class). We will identify a with its image in H 2 (X; R).
] which is not a torsion class. Then there exists a Hermitian cylindrical C-line bundle L over X such that
Here c 1 (L) is the first Chern class of L and P Z : Z × [1, ∞) → Z × {1} is the canonical projection.
Denote S ± C (a) := S ± C ⊗L 1/2 the plus/minus spin bundle associated to L. Here S ± C is the (virtual) plus/minus bundle. Then we have, as a Hermitian vector bundle,
2 (X; R). In particular, there exists a sequence of closed forms
Let A(L) denote the space of U(1)-connections on L. Then there exists a sequence of connec-
We also denote by % % ∂ A j = % % ∂
Assumption A1. From now on we assume that, for a fixed cylindrical metricḡ 0 ∈ Riem cyℓ (X) with ∂ ∞ḡ0 = h,
Here
for the extended L 2 -kernel of the adjoint operator % % ∂ * A j (cf. [4, 7] ). We emphasize that the above index is independent of j for sufficiently large j (cf. [7, 11, 23] ). Proposition 3.6. For anyḡ ∈ Riem cyℓ (X) with ∂ ∞ḡ = h, let a ∈ H 2 (X; R) and ζ ∈ H 2 g (X) be as above. Then, under the assumption A1,
g dσḡ, and ζ + ∈ H 2,+ g (X) stands for the self-dual part of ζ.
+ j in Proposition 3.5. As we have seen, the form ω is not closed in general. We postpone the proof of the following statement to the end of the section.
Proposition 3.7. For anyḡ ∈ Riem cyℓ (X) with ∂ ∞ḡ = h, let a ∈ H 2 (X; R) and ζ ∈ H 2 g (X) be as above. Then, under the assumption A1, the following inequality holds:
By taking j → ∞ in (8), Proposition 3.7 implies that
This completes the proof of Proposition 3.6.
Assumption A2. We assume that b
Theorem 3.8. Let (X,ḡ) be a cylindrical manifold modeled by (Z, h) as above. Then under the assumptions A1 and A2,
Before proving Theorem 3.8, we notice the following. We consider the following subspace of
Proof of Theorem 3.8. Letḡ ∈ Riem cyℓ (X) be any metric with ∂ ∞ḡ = h. Let the 2-forms ζ, ζ j and the connections A j be as above. Then Fact 3.5 and Assumption A1 imply that L 2 -ind % % ∂ A j ,ḡ > 0 for all j >> 1. Then Proposition 3.6 and Assumption A2 give the inequality
3.4. Behavior of L 2 -harmonic spinors on the cylindrical ends. Here we adapt wellknown techinque from [14] and [21] 
Let ψ ∈ Ker % % ∂ A,ḡ , then we also obtain the harmonic spinorψ := u Here and below " r " and "ˇr " stand for the Clifford multiplication corresponding to the metrics g andǧ respectively. Denote X(ℓ) := X \ (Z × (ℓ, ∞)) for ℓ > 1. Then we have:
is the outer unit normal vector field on ∂X(ℓ) with respect toǧ. Sincě g = u 2 ·ḡ, we have dσǧ = u 4 σḡ, |ψ| = u 
where
, e 2 , e 3 , e 4 is a local orthonormal frame on ∂X(ℓ) with respect toḡ. We use (10) to see that
Lemma 3.10.
Proof of Proposition 3.7. Put ω := 4 √ 2πζ
and let u be the same function as in Lemma 3.4. Suppose that the C 2,α -metricǧ = u 2 ·ḡ satisfies that Rǧ > |ω|ǧ. Perturbing u on a compact set, we may assume that u is smooth and Rǧ > |ω|ǧ. Then by Lemma 3.10 and the estimate (11), the inequality (9) may be rewritten as
Hence Rǧ > |ω|ǧ = 2 √ 2|F + A j |ǧ contradicts to the inequality (12) . Finally, from Proposition
Now we have to prove Lemma 3.10. There are two independent things here to worry about, i.e. the decay of the function u and the point-wise norms |ψ|, |∇
A,ḡ ∂t ψ|. The spinor norms are taken care by the following result. To complete the proof of Lemma 3.10, we need the following technical result.
Lemma 3.11. There exists a positive constant
Proof of Lemma 3.10. By Fact 3.6 and Lemma 3.11, there exist positive constants K 1 , K 2 , K and κ such that
Proof of Lemma 3.11. Recall that Supp(ω) ⊂ X is compact. Hence there exists ℓ 1 (≥ ℓ 0 ) such that the restriction of ω is zero on the cylinder Z ×[ℓ 1 −1, ∞). In particular, the operator
. We denote by λ h the first eigenvalue of the operator L h , and by λ the bottom of the spectrum of L (ḡ,ω) . We denote by L h the following operator on Z
Let {(µ j , ϕ j )} be the eigenvalues and eigenfunctions of L h , i.e.
Here we may assume that ϕ 1 > 0 on Z. Since λ h > λ, we obtain that µ 1 > 0.
We put µ := µ j 0 = min {µ j | a j = 0} and υ j := µ j /6 − µ/6 > 0 for µ j > µ. Let k + 1 (≥ 1) be the multiplicity of the j 0 -th eigenvalue. Then
It then follows that there exists a positive constant K such that
This gives the estimate
for someK > 0. Now we denote v(z) := a j 0 ϕ j 0 (z)+· · ·+a j 0 +k ϕ j 0 +k (z). We need the following fact.
Claim 3.12. Let µ and v(z) be as above. Then
Proof. Notice that if there exists z 0 ∈ Z such that v(z 0 ) < 0, then u(z 0 , t) < 0 for sufficiently large t >> ℓ 1 . This contradicts to the positivity of u everywhere on X. Thus v(z) ≥ 0 and v(z) ≡ 0 on Z. Now suppose that µ is not the first eigenvalue. We notice that the function v(z) itself is an eigenfunction corresponding to µ.
Note that Claim 3.12 implies the estimate
on Z × [ℓ 1 , ∞) for some constantK > 0. Then the estimates (13) and (14) imply that u −1 |du|ḡ ≤ K on X for some constant K > 0. This completes the proof of Lemma 3.11.
Examples
4.1. The setting. Denote by L → CP 1 the anti-canonical C-line bundle over the complex projective line CP 1 , and by L ℓ := L ⊗ℓ → CP 1 the C-line bundle of degree ℓ ≥ 1. Then we choose a Hermitian metric H on the bundle L ℓ , and consider the disk and the circle bundles of L ℓ :
Here Γ ℓ = Z/ℓZ ⊂ {ξ ∈ C | |ξ| = 1} with the generator ξ ℓ = e 2πi ℓ (where i = √ −1) and the group Γ ℓ acts on the sphere
. Also we denote by X ℓ the total space of L ℓ . We consider X ℓ as a smooth manifold with a tame end:
Now we recall some necessary facts. ( for any metric h ∈ Riem * (Z ℓ ) homotopic to h 0 in Riem * (Z ℓ ).
Corollary 4.2. Let X ℓ and M ℓ be as above.
(1) For ℓ ≥ 1,
(2) For ℓ ≥ 2 with ℓ = 3, 0 < Y
Remark 4.1. We notice the following:
(1) Y h-cyℓ (X ℓ ) ≤ Y (S 4 ) = 8 √ 6π for any metric h ∈ Riem(Z ℓ ).
(2) The inequality 4(ℓ + 2) 2 ℓ π < 8 √ 6π holds if 1 ≤ ℓ ≤ 7.
(3) Let M be a closed 4-manifold. For any ℓ ≥ 2, ℓ = 3 and a positive integer k, then Note that X ℓ has a natural complex structure. Then let a 0 ∈ H 2 (X ℓ ; Z) ∩ Im H 2 c (X ℓ ; R) → H 2 (X ℓ ; R) ∼ = Z be the generator satisfying c 1 (X ℓ ) = (ℓ + 2) · a 0 , and a := (ℓ + 2)a 0 . It is easy to see that a ≡ w 2 (X ℓ ) mod 2. Then there exist the L 
Here η(h) is the eta-invariant of the Dirac operator Proof. Indeed, we have (ℓ 2 + 4ℓ + 4 − 4ℓ + 4 − ℓ 2 ) = 1.
Then we chooseã = (a, 1, · · · , 1) ∈ Z ⊕ Z ⊕k . Also similarly to the case of X ℓ , L 2 -ind % % ∂Ã = 1, where % % ∂Ã is the corresponding Dirac operator on S + C (ã) (see the argument given in [13] ). We have that 2ã 2 = 2 k + (ℓ+2) 2 ℓ
, and then Theorem 3.8 implies the estimate (15) .
